Abstract. We present a new algorithm for computing the centre of the Galois group of a given polynomial f ∈ Q[x] along with its action on the set of roots of f , without previously computing the group. We show that every element in the centre is representable by a family of polynomials in Q [x]. For computing such polynomials, we use quadratic Newton-lifting and truncated expressions of the roots of f over a p-adic number field. As an application we give a method for deciding the nilpotency of the Galois group. If f is irreducible with nilpotent Galois group, an algorithm for computing it is proposed.
Introduction
The existing algorithms for the determination of the Galois group of a polynomial present strong limitations when the degree of the polynomial grows up. Part of them requires the classification of the permutation groups with the same degree as the given polynomial. The others use factorization of polynomials over number fields, which is very inefficient for high degrees.
V. Acciaro and J. Klüners [1] described a method for computing the conjugates of a root of an irreducible polynomial f ∈ Q[x] with abelian Galois group. Their method is based on some results using prime ramification and Frobenius automorphisms, and it uses the quadratic Newton-lifting as principal technique in order to avoid factorization of polynomials over number fields. When it is known that the Galois group of a polynomial is abelian, its computation becomes easier. This motivates the question about the possibility of applying special techniques to other classes of groups and, in case this is possible, how to determine, a priori, whether the Galois group of a given polynomial f ∈ Q[x] belongs to any of these classes.
In a previous paper [7] we gave a method, based on the techniques used by V. Acciaro and J. Klüners in [1] , to decide whether the Galois group of a given irreducible polynomial f ∈ Q[x] is abelian in polynomial time in the size of the coefficients of f (assuming the Extended Riemann Hypothesis).
In the present paper we extend such a method to the computation of the centre of the Galois group of any polynomial f ∈ Q[x], not necessarily irreducible. As an application, we obtain a way to determine whether the Galois group is nilpotent, by constructing a series of polynomials related to a central series of this group. Finally we propose a procedure to compute the Galois group of an irreducible polynomial Proof. The first assertion follows directly from Tchebotarev's density theorem by noting that τ ∈ Z(Gal(f )), pS is the intersection of all the prime ideals of S lying over p and Gal(f ) acts transitively over all these primes [10] , [14] , [15] . Now let τ ∈ Gal(f ) such that τ (u) ≡ u p mod pS for every u ∈ S and for a prime p not dividing disc(f ). Then στ σ −1 (u) ≡ u p mod pS for every u ∈ S and for all σ ∈ Gal(f ). In particular, for any root α of f , στ σ −1 (α) and τ (α) are roots of f such that στ σ −1 (α) − τ (α) ∈ pS. Since p does not divide disc(f ), it must be στ σ −1 (α) = τ (α) and τ ∈ Z(Gal(f )).
Definition 2.
A prime p is said to be associated to τ ∈ Z(Gal(f )) when it does not divide disc(f ) and τ (u) ≡ u p mod pS for all u ∈ S.
It follows from Proposition 2 that, for every i ∈ {1, . . . , r}, the polynomial
Besides, since each polynomial F i permutes the roots of f i , it is known that
d with b i,j ∈ Z for all j = 0, . . . , n i − 1 and d the largest positive integer whose square divides disc(f i ). A bound B i on the absolute value of the b i,j is computable from f i :
where |α i | ∞ is the maximum of the absolute values of the roots of f i [1] , [6] , [9] , [11] .
The following known result gives a way to compute the polynomials. 
This sequence can be built up to any k by means of quadratic Newton-lifting [1] , [6] , [9] .
It is well known that if k 0 ∈ N such that
We will say thatH k0 is a p-polynomial associated to f i . Since the polynomial F i associated to (τ, f i ) satisfies the conditions in Proposition 3, it must be
Therefore, F i =H k0 (see [3] , [5] for the computation ofH k0 ).
Once we have computed p-polynomialsF 1 , . . . ,F r corresponding respectively to each irreducible factor f i of f , it is possible that, for some i ∈ {1, . . . , r},F i (α i ) is not a root of f i . Then,F i does not define a permutation on the roots of f i , it is not associated to (τ, f i ) for any τ ∈ Z(Gal(f )) and we conclude that p is not associated to any τ ∈ Z(Gal(f )). Otherwise,F i (α i ) is a root of f i for every i = 1, . . . , r and the following theorem asserts that p is associated to a central element. 
Theorem 1. If p is a prime not dividing disc(f ) and, for every
. . , n i and for every i = 1, . . . , r. From Proposition 1, it follows that τ ∈ Z(Gal(f )). 
and only if p is associated to τ . Since there are infinitely many primes p associated to each element τ ∈ Z(Gal(f )), by computing polynomials for sufficiently many primes, we will be able to determine Z(Gal(f )), but how many primes must we try to determine the whole centre?
The Tchebotarev density theorem asserts that the density of the number of primes associated to an element τ ∈ Z(Gal(f )) is 1 |Gal(f )| . Lagarias and Odlyzko in [10] presented explicit bounds for the absolute value of the least prime associated to a conjugacy class in the Galois group. The best bound assumes the Extended Riemann Hypothesis. The result, in terms of our problem, is the following:
There exists an effectively computable positive absolute constant c such that, for every element τ ∈ Z(Gal(f )), there exists a prime p associated to τ such that
where ∆ is the discriminant of the splitting field of f over Q. Bach and Sorenson [2] improved this result by giving a more specific bound:
If s is the minimal number of roots of f generating F and a i is the coefficient of
Thus, the bound on the least prime associated to a central element is polynomial in the order of Gal(f ) and in the size of the coefficients of f .
The following example shows that, in some cases, we have enough criteria to compute the whole centre while checking only a few primes.
Example 3. Let f (x) = x
6 + x 4 − 2x 3 + x 2 − x + 1 be the polynomial in Example 2. Since we have found an element τ ∈ Z(Gal(f )) of order 2 and a prime p not dividing disc(f ) not associated to a central element, we know that 2 divides |Z(Gal(f ))| and Gal(f ) is not abelian. Taking into account that the order of the centre of a transitive subgroup of Σ n divides n, |Z(Gal(f ))| is a divisor of 6. Then it must be |Z(Gal(f ))| = 2 and Z(Gal(f )) = τ .
Description of the algorithm.
Input: A monic squarefree polynomial f ∈ Z[x] of degree n. Output: The elements of Z(Gal(f )) with their action on the roots of f .
(1) Factorize f in Z[x] to get its irreducible factors f 1 , . . . , f r of degrees n 1 , . . . , n r , respectively. (2) Let C be a bound for the least prime associated to an element in Z(Gal(f )).
Set q := 1 and let Z be the trivial group. (3) Choose a prime p not dividing disc(f ) such that q < p < C.
If such a prime does not exists, the algorithm ends and
In particular, Gal(f ) is not abelian. Set q := p and go back to step (3).
. Else set q := p and go back to step (3).
Since the computation of a p-polynomial associated to f i runs in polynomial time in the size of f i and p [1] and the primes in step (3) are bounded by a polynomial expression in |Gal(f )| and the size of the coefficients of f , we conclude that the algorithm runs in polynomial time in the size of f and a given bound on |Gal(f )|.
Some shortcuts to accelerate the computation
We show in this section how, in many cases, we can discard a prime p as associated to a central element and avoid the computation of p-polynomials by looking at the factorization of f modulo p. We will assume that f is irreducible.
3.1. Degree of the irreducible factors modulo p. If τ ∈ Z(Gal(f )) and p is a prime associated to (τ, f ), the degrees of the irreducible factors of f modulo p are the lengths of the orbits of the action of τ , the Galois group of f over Z/pZ, on the roots of f . From the obvious result below, it follows that all the irreducible factors of f modulo p have the same degree. This fact shows directly that the Galois group of the polynomial in Example 2 is not abelian by looking at its factorization modulo 7:
The number of linear factors appearing in the factorizations of f mod p for different primes p is also useful for getting a bound on |Z(Gal(f ))|: If p 1 , . . . , p m are primes not dividing disc(f ) such that, for each i =  1, . . . , m, f has exactly a i linear factors modulo p i and gcd(a 1 , . . . , a m ) 
Thus, if f is the polynomial of degree 6 above, by looking at its factorization modulo 7, we conclude that |Z(Gal(f ))| divides 2.
Repetitions in the coefficients of the irreducible factors modulo p.
We will show that, for all primes p associated to an element in Z(Gal(f )) except for a finite set, there is a certain type of regularity in the repetitions of the coefficients of the factors of f modulo p.
If f is irreducible and p is a prime associated to some element τ ∈ Z(Gal(f )) of order r, we suppose the roots α 1 , . . . , α n of f ordered in such a way that
• α 1 is arbitrarily chosen at the beginning, • for 2 ≤ i ≤ n/r, α i is arbitrarily chosen among the roots not belonging to the set
where i = 1, . . . , 
. Moreover, since all its roots are conjugate, g k is a power of t k , the minimal polynomial over Q of
Proposition 4. Let p be a prime associated to
Then the coefficients of x r−k in the irreducible factors of f mod p are repeated as many times as the multiplicity of the roots of g k .
Proof. The roots of g k mod p are the coefficients of x r−k in each irreducible factor of f . If p does not divide disc(t k ), the projections of the different roots of g k remain different. Therefore the coefficients of x r−k in the irreducible factors of f modulo p are repeated as many times as the multiplicity of the roots of g k .
Note that, since g k does not depend on the prime p associated to τ , the repetitions in the coefficients of x r−k of the factors of f mod p must be of the same type for every prime associated to τ not dividing disc(t k ).
In Example 3,
The independent coefficient 3 appears in two factors while 4 appears in only one. This means that either 5 divides the disc(t 2 ) or 5 is not associated to any element in the centre. Since there are only finitely many primes dividing the discriminant, we can decide to avoid Newton-lifting and look for another prime. When, for some k = 0, . . . , r−1, two different coefficients of x r−k appear repeated in the irreducible factors of f mod p a different number of times, we will say that the factorization of f mod p presents irregular repetitions.
Example 4.
We apply the algorithm to the irreducible polynomial By means of the shortcuts above we will determine Z(Gal(f )) by computing p-polynomials only for four primes. Computing a 37-polynomial associated to f , we check that 37 is not associated to any element in Z(Gal(f )). Associated to some τ 1 ∈ Z(Gal(f )), we get a 97-polynomial 
DECIDING THE NILPOTENCY OF THE GALOIS GROUP 2051
We set Z = τ 1 and |Z| = 3. Going back to step (3) of the algorithm, we check that 103 is not associated to any central element. Later, we find a 109-polynomial F associated to some τ 2 ∈ Z(Gal(f )). Now Z = τ 1 , τ 2 has order 9 and it is not cyclic. Since |Z(Gal(f ))| is bounded by 9, it follows that Gal(f ) = τ 1 , τ 2 .
With the help of GAP [8] we know that, among the 983 classes of transitive subgroups of Σ 18 , only four have centre of order 9. The centre of two of them is cyclic, so that the only options for Gal(f ) are 18t17 and 18t79.
Deciding the nilpotency of Galois groups
In this section we make use of the computation of central elements in order to decide whether Gal(f ) is nilpotent by constructing a series of polynomials related to a central series of this group.
In subsection 4.1 we define the derived polynomials of f and show that they can be computed by determining the minimal polynomial over Q of a primitive element of a suitable extension. By successive construction of derived polynomials, we can compute a series of polynomials which, in case f is normal, is strongly related with a central series of Gal(f ).
In subsetion 4.2 we give an algorithm to decide the nilpotency of the Galois group of any polynomial with rational coefficients.
Throughout this section we will assume that the polynomial f is irreducible and we will denote by α a fixed root of f . The reducible case will be reduced to this one at the end of the section. If K is an intermediate field of F/Q and H a subgroup of Gal(f ), we will denote by K H the subfield of K fixed elementwise by each element of H.
Derived polynomials and central series.
Once we have computed a nontrivial element τ ∈ Z(Gal(f )), we know a first subgroup τ of a central series of G. To determine a second subgroup of a central series, it is enough to find (if it exists) a nontrivial element in Z(Gal(f )/ τ ). For this, we will try to construct a polynomial whose Galois group is Gal(f )/ τ .
Definition 3.
If there exists a nontrivial element τ ∈ Z(Gal(f )) and β is an algebraic integer such that Q(α) τ = Q(β), the minimal polynomial g ∈ Z[x] of β over Q will be called a derived polynomial from f by τ .
Applying the Fundamental Theorem of Galois Theory to the extension F/Q, we obtain
Proposition 5. Let g be a derived polynomial from f by some τ ∈ Z(Gal(f )) of order r. Then, g has degree n r and Gal(g) is a quotient of Gal(f ). When f is normal, g is also normal and Gal(g) = Gal(f )/ τ . Proof. Let S be the subgroup of Gal(f ) corresponding to Q(α). It is enough to check that S τ corresponds to Q(α) τ , [Gal(f ) : S τ ] = n/r, and Gal(g) ≈ Gal(f )/Core(S τ ).
Then, when f is normal, the problem of looking for a polynomial whose Galois group is Gal(f )/ τ is solved as soon as a derived polynomial is computed. In the nonnormal case, the search for such a polynomial implies several difficulties since the order of Gal(f )/ τ and the smallest degree of an irreducible polynomial whose Galois group is Gal(f )/ τ are unknown.
and |Z(Gal(f ))| = 2 (see [13] ).
Using GAP [8] , we have checked that there does not exist any transitive group of degree smaller than 24 isomorphic to Gal(f )/Z(Gal(f )). Thus there exists no irreducible polynomial of degree smaller than 24 with Galois group Gal(f )/Z(Gal(f )). In particular, none of the derived polynomials from f have the desired Galois group.
However, we will see that derived polynomials are a useful tool for our purposes. Once we know a nontrivial element τ ∈ Z(Gal(f )), the following proposition leads us to obtain a derived polynomial from f by τ . α, τ ) , . . . , e r (α, τ )) where e i (α, τ ) denotes the i-th elementary symmetric function of {α, τ (α), . . . , τ r−1 (α)} for every i ∈ {1, . . . , r}.
As is well known, there exist infinitely many (r −1)-tuples of integers (a 2 , . . . , a r ) such that
is a primitive element of Q (e 1 (α, τ ) , . . . , e r (α, τ ))/Q. On the other hand, for any given (r − 1)-tuple of integers (a 2 , . . . , a r ), e 1 (α, τ ) + a 2 e 2 (α, τ ) + · · · + a r e r (α, τ ) is a primitive element of Q(α) τ if and only if it has exactly n/r conjugates because
. In order to compute the minimal polynomial of a primitive element already determined, we can use the p-adic expression of the roots of f for a suitable prime p (see [4] ).
Definition 4. A series of polynomials
. . , g m such that, for i = 1, . . . , m, g i is a derived polynomial from g i−1 by some nontrivial element in Z(Gal(g i−1 )) and g m either has degree 1 or Z(Gal(g m )) is trivial will be called a series of derived polynomials from f . When the degree of g m is 1, we will say that the series is complete. We will refer to the polynomials g 1 = g, g 2 , . . . , g m as derived polynomials of f . 
is a central series of Gal(f ).
There are nonnormal polynomials with a complete series of derived polynomials whose Galois group is not nilpotent:
2 + x + 1 is irreducible and Gal(f ) = 6T 5 (see [13] ) is not nilpotent. Since 6T 5 has order 18, f is not normal. However,
is a complete series of derived polynomials from f .
The previous result gives a method for deciding whether the Galois group of a normal polynomial is nilpotent. However, two questions remain unsolved: how to decide, in advance, whether a given polynomial is normal and how to decide the nilpotency in the nonnormal case. The general method will be exposed in the next paragraph.
4.2.
Nilpotency of the Galois group of a polynomial. We will assume that f is irreducible of degree n = p 
Computing nilpotent Galois groups
Let f be an irreducible polynomial of degree n = p
Gal(g i ) withg i as in Proposition 8. If the degrees of the derived polynomialsg i are small, several methods can be used to compute their Galois groups. Our aim in this section is to give some results which make possible the computation of these groups in case the degrees are too high.
Throughout this section we will be assuming that f ∈ Z[x] is a monic irreducible polynomial of degree n = p m , m a positive integer, p a prime and that Gal(f ) is a p-group.
Let f = g 0 , g 1 , . . . , g m be a complete series of derived polynomials of f . For every j = 1, . . . , m, let us denote by τ j ∈ Z(Gal(g j−1 )) the element of order p such that g j is a derived polynomial from g j−1 by τ j . Then, the degree of g i is p m−i for every i = 0, 1, . . . , m. We denote by β 0 any fixed root of f and by β j (j = 1, . . . , m) the primitive element of Q(β j−1 ) τj /Q which is a root of g j . Among the polynomials in the series there exists at least one such that it is normal and the expression of its roots as polynomials in a fixed one is known. Let i ∈ {0, . . . , m − 2} be the smallest index such that g i+1 satisfies both conditions. A factorization of g i over Q(β i ) can be obtained as follows:
Let
It is clear that, for every j = 1, . . . , p m−i−1 , the polynomial
Lemma 3. For every
we have a factorization of g i in factors of degree p in Q(β i ) [x] , not necessarily irreducible. To obtain the complete factorization of g i over Q(β i ), it will be enough to factorize every h j (β i , x) . In fact, it is enough to factorize at most m − i − 1 polynomials h j . If none of these elements is a root of h 3 and h 3 is irreducible over Q(β i ), we have finished. Otherwise, we have computed a polynomial F 3 ∈ Q[x] such that β i,3 = F 3 (β i ). Now, the elements F 3 l (F 3 k (β i )) with l, k ∈ {0, . . . , p − 1} are roots of p 2 different polynomials h j . Following this procedure for suitable polynomials h j , in at most m − i − 1 steps, either we found an irreducible h j or we have expressed the roots of g i as polynomials in β i .
Once we have obtained the factorization of g i over Q(β i ), two cases must be considered: (a) If g i is normal, we can repeat the procedure in order to obtain the factorization of g i−1 over Q(β i−1 ). In case the given polynomial f is normal, by applying the procedure successively, we will compute all the roots of f as polynomials in a fixed root α and the action of Gal(f ) over the roots of f will be completely determined. 
